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Abstract 

The paper is devoted to studying controllability properties for 3D 
Navier-Stokes equations in a bounded domain. We establish a sufficient 
condition under which the problem in question is exactly controllable in 
any finite-dimensional projection. Our sufficient condition is verified for 
any torus in R 3 . The proofs are based on a development of a general 
approach introduced by Agrachev and Sarychev in the 2D case. As a sim¬ 
ple consequence of the result on controllability, we show that the Cauchy 
problem for the 3D Navier-Stokes system has a unique strong solution for 
any initial function and a large class of external forces. 
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0 Introduction 

Let us consider the three-dimensional Navier-Stokes (NS) system 

u + (u, V)u — vAu + Vp = f(t, x), divu = 0, (0-1) 

where the space variables x = {x\,X 2 ,x^) belong to a three-dimensional torus 
T 3 C R 3 , v > 0 is the viscosity, u = (u\, 112 , U 3 ) and p are unknown velocity field 
and pressure, and f(t, x) is an external force. Suppose that / is represented in 
the form 

f(t,x) = h(t,x) + rj(t,x), ( 0 . 2 ) 

where h is a given function and 77 is a control taking on values in a finite¬ 
dimensional subspace E C L 2 (T 3 ,R 3 ). Equations 10.111 . 10.21) are supplemented 
with the initial condition 

zi(0) = zi 0 , (0.3) 

where uq £ if 1 (T 3 , R 3 ) is a divergence-free vector field. Let us denote by H the 
space of functions u £ L 2 (T 3 ,R 3 ) such that divu = 0 on T 3 . We fix an arbitrary 
subspace F C H and denote by : H — > H the orthogonal projection onto F. 
Problem EH). G3 is said to be controllable in a time T > 0 for the projection 
to F if for any initial function uq and any u £ F there exists an infinitely smooth 
control 77 : [0, T] —> E such that 10.11) 10.311 has a unique strong solution u(t; rj), 

which satisfies the relation 

P fu(T',v) = u. (0.4) 

One of the main results of this paper says that if the space E is sufficiently 
large, then for any T > 0 and v > 0 and any finite-dimensional subspace F C H 
problem EH , EH is controllable in time T for the projection to F. 

A general approach for studying controllability of PDE’s in finite-dimensional 
projections was introduced by Agrachev and Sarychev in the landmark arti¬ 
cle r^i (see also ESED- They considered the 2D NS system on a torus 
and proved that it is controllable for the projection to any finite-dimensional 
space F , with a control function taking on values in a fixed subspace E. We em¬ 
phasise that the time of control T can be chosen arbitrarily small, and the control 
space E does not depend on v and T. 1 The Agrachev-Sarychev approach is 

1 It is shown in lASOfil that the 2D Euler and Navier-Stokes equations are controllable by 

a control of dimension four. 
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based on the concept of solid controllability (cf. Definition 12 .hi of the present 
paper). They construct explicitly an increasing sequence of finite-dimensional 
subspaces {Ek}k>o such that E 0 = E, and the following two properties hold. 

(i) There is an integer TV > 1 such that the NS system is solidly controllable 
by an E/v-valued control. 

(ii) If the NS system is solidly controllable by an Ek -valued control for some 
integer k > 1 , then it is solidly controllable by an Efc_i-valued control. 

These two assertions imply the required result. 

In this paper, we take a slightly different viewpoint based on uniform approx¬ 
imate controllability . 2 Namely, we shall say that the NS system (lint , mu is 
uniformly approximately controllable (UAC) if for any constant e > 0, any initial 
function uo, and any compact subset AT of the phase space there is a continuous 
mapping E from AT to the space of iT-valued controls such that for every u e AT 
problem mu m with rj = \P(u) has a unique strong solution u(t\rf), which 
satisfies the inequality 

\\u(T- V )-u\\<e, (0.5) 

where || ■ || denotes the L 2 -norm. It turns out that assertions (i) and (ii) remain 
valid for the 3D NS system if we replace the solid controllability by uniform ap¬ 
proximate controllability (cf. mm v Hence, we prove that if E is sufficiently 
large, then problem iKHi) . mu is UAC by an U-valued control. The required 
result on exact controllability in finite-dimensional projections is a simple con¬ 
sequence of the above property. Indeed, let Bp(R) be the closed ball in F of 
radius R centred at origin and let AT = Bp(R). In this case, it follows from (10.511 
that 

|| Pfu(T; \P(u)) — u\\ < e for any u 6 Bf(R)- (0.6) 

The function <P : u i—> P f‘u(T,F(u)) is continuous from Bp(R) to F. Using 
the Brouwer fixed point theorem and inequality m , it is easy to show (see 
Proposition 11.11) that <P(Bf{R)) contains the ball Bp{R — e). Since R > 0 
is arbitrary, we conclude that m holds for any u £ F and an appropriate 
E -valued control function 77 . 

In conclusion, we note that the problem of controllability and stabilisation 
for the Navier-Stokes and Euler equation was in the focus of attention of many 
researchers; for instance, see the papers Ihiirhbl l( .’orDfil l( lorHHI lUFTiiil |Hna98 
IFE9911( :or99l IfTMI ICDlinl ITTSoTl iFiirOn IKnr04l ITTT04) and references therein. 
However, the powerful techniques developed in those papers do not apply to the 
present setting because of the specific type of control we are interested in. 

The paper is organised as follows. In Section ^ we recall a simple sufficient 
condition for surjectivity of continuous mapping in a finite-dimensional space 
and formulate two perturbative results on unique solvability of NS-type equa¬ 
tions. Section |21 contains the formulations of the main results of this paper. We 

2 Note that the concept of uniform approximate controllability is implicitly present in the 
Agrachev-Sarychev argument IAS 051 . 
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also discuss some corollaries on solid controllability in finite-dimensional projec¬ 
tion and the Cauchy problem for the 3D NS system. The proofs are presented 
in Section 0 Finally, in the Appendix, we prove an auxiliary result used in 
Section |21 

Acknowledgements. I am grateful to A. A. Agrachev for stimulating dis¬ 
cussion on the subject. 

Notation. We denote by R + the half-line [0,+oo) and by Jp the inter¬ 
val [0, T\. If s > 1 and r > 0 are some integers, then we set Jt(a s) = [t r , t r + i), 
where t r = rT/s. Let J C M+ be a closed interval, let D C K 3 be a bounded 
domain, let A be a Banach space with a norm || • ||, and let K, be a metric space. 
We shall use the following functional spaces. 

L P (J,X) is the space of measurable functions u : J —> X with finite norm 

\Mlp(j,x) ■= (J \\u{t)\\^dtj , (0.7) 

where || • || x stands for the norm in X. If p = oo, then 10.71) is replaced by 
\\ u \\l°°(j,x) ■= ess sup IKOILy- 

t£j 

We shall write L P (J) instead of L P (J, K). 

L p JR +: X) is the space of functions u : R + —> X whose restriction to any 
interval J C R+ belongs to 2A(J, A). 

C k (J, X) is the space of continuous functions u : J —> A that are k times 
continuously differentiable. In the case k = 0, we shall write C(J, A). 

C(/C, A) is the space of continuous functions u : K. —> A. If A = R., then we 
write C(K). 

H S (D , M 3 ) is the space of vector functions (ui,u 2 , u 3 ) whose components belong 
to the Sobolev space of order s. In the case s = 0, it coincides with the Lebesgue 
space L 2 (D,M 3 ). 

H , V, U, and Xt are standard functional spaces arising in the theory of Navier- 
Stokes equations; they are defined in Section 11.21 

1 Preliminaries 

I. 1 Image of continuous mappings 

Let F be a finite-dimensional vector space with a norm |j ■ || p, let Bp(R) be 
the closed ball in F of radius R centred at origin, and let & : Bp(R) —> F 
be a continuous mapping. The following result is a simple consequence of the 
Brouwer theorem. 
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Proposition 1.1. Suppose there is a constant e £ (0,1?) such that 

j<P(u) — m||f < e for any u £ Bp(R). 

Then T>(Bf(R)) D Bf(R — e). 

Proof. Let us fix any point u £ Bf(R — s) and consider the continuous mapping 

T : B f {R) —► F, F(u) = u — T>(u) + u. 

It follows from ( 11 . 11 ) that T'{Bf{R)) C Bp(R). Therefore, by the Brouwer 
theorem (e.g., see Section 1.19 in |Tay97| ), F has a fixed point uo £ Bp{R). 
Direct verification shows that F(rto) = u. Thus, any point u £ Bp(R — e) has a 
preimage, and we obtain the required inclusion. □ 

1.2 Strong solutions of Navier—Stokes type equations 

We first introduce some standard functional spaces arising in the theory of 3D 
Navier-Stokes (NS) equations. Let 

H = {u £ F 2 (£>, R 3 ) : divu = 0 in D, ( u , n) \gp> = 0}, 

where n is the outward unit normal to dD , and let II be the orthogonal projec¬ 
tion in L 2 (D, R 3 ) onto the closed subspace H. We denote by H s = H S (D,M. 3 ) 
the space of vector functions u = ( U\,U 2 ,U 3 ) with components in the Sobolev 
class of order s and by Hq(D,K. 3 ) the space of functions u £ H s vanishing 
on dD. Let || • || s be the usual norm in H s . In the case s = 0, we write || ■ ||. 
Define the spaces 

V = H^{D,R 3 ) nH, [/ = H 2 (D,R 2 )nf 
and endow them with natural norms. 

It is well known (e.g., see ITem79| l that the NS system is equivalent to the 
following evolution equation in H: 

u + uLu + B(u) = f(t), (1.2) 

where L = —IIA is the Stokes operator and B{u) = II{(it, V)u} is the bilinear 
form resulting from the nonlinear term in the original system. Let E C U 
be a finite-dimensional vector space and let E 1 - be its orthogonal complement 
in H. Denote by P = Pe and Q = Qe the orthogonal projections in H onto 
the subspaces E and E 3 -, respectively. Along with 03, consider the Cauchy 
problem 

w + vL e w + Q(B(w) + B(v, w) + B{w , v)) = f(t ), (1.3) 

w(0) = w 0 , (1.4) 

where Lp = QL, B(v, w) = n{(r), V)w}, and v £ L a {Jt, V) and / £ L 2 (Jt, E 3 -) 
are given functions. We set 

x T = c(j t , V) n l 2 (j t , u), x t {e) = c(j t , v n e 3 -) n l 2 (J t , u n e 3 -). 

The following result is established in jShi06t Section 1.4] (see Theorem 1.8). 
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Proposition 1.2. For any v > 0 and R > 0 there are positive constants e 
and C such that the following assertions hold. 

(i) Let v £ L 4 (Jt, H 1 ), f £ L 2 (Jt, E 4 -), and wq £ V fl E 1 - be some functions 
such that problem (tOli . (fOli with v = v, f = f, wq = wq has a solution 
w £ Xt(E). Suppose that 

IHU 4 (JT,ff 1 ) < Ri II/IIl 2 (Jt,e j -) ^ 7?, \\w\\x T < R- 

Then, for any triple (v,f,wo) satisfying the inequalities 
Ik - v\\ L *(j T ,m) < e, ||/- /||l 2 (JtiE _l) < e, ||w 0 - «>o||v < e, (1.5) 
problem (lOll . llOl) has a unique solution w £ Xt(E). 

(ii) Let 

n : L 4 (Jt,H 1 ) x L 2 (J t , e 4 -) x (7n E 4 -) -y Xt{E) 

be an operator that is defined on the set of functions (v,f,wo) satis¬ 
fying (OJ) and takes each triple (v,f,wo) to the solution w £ Xt(E) 
of <0, d- Then 1Z is uniformly Lipschitz continuous, and its Lips- 
chitz constant does not exceed C. 

We now consider Eq. IQli in which E is a finite-dimensional vector space 
spanned by some eigenfunctions of the Stokes operator L. Namely, let {ej} be 
a complete set of normalised eigenfunctions for L, let Hn be the vector span 
of {ej, 1 < j < N}, and let be the orthogonal complement of Hm in the 
space H. We denote by Pn and Q n the orthogonal projections in H onto the 
subspaces Hn and Hjj, respectively. 

Let us consider the equation 

w + vL N {w + v) + QnB(w + v) = f(t), (1.6) 


where Ljv = QnL. 

Proposition 1.3. For any R > 0 and v > 0 there is an integer No > 1 and a 
constant C > 0 such that the following assertions hold. 

(i) Let N > No be an integer and let functions v £ Xt, f £ L 2 (Jt, H^), and 
wo £ H jy fl V satisfy the inequalities 

IMU t < R , ||/||i 2 (j T ,ff) < R, Ik’ollv < R- (1-7) 

Then problem oil , o has a unique solution w £ Xt(Hn). 

(ii) Let S be an operator that takes each triple (v,f,w o) satisfying 111.711 to 
the solution w £ Xt(Hn) of ( 11 . 61 ) . ( 11 . 411 . Then S is uniformly Lipschitz 
continuous in the corresponding spaces, and its Lipschitz constant does not 
exceed C. 
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Proof. The existence and uniqueness of solution is established in !Shi06| (see 
Proposition 1.10). The proof of (ii) is rather standard, and we only outline it. 

Let w 1 ,™ 2 G Xt(Hn) be two solutions of (II.(ill . 11.411 that correspond to 
some triples (v l , /*, Wq), i = 1,2. Then the function w = w 1 — w 2 G Xt(Hn) is 
a solutions of the problem 

W + vLnW = g{t), W(0) = Wq — Wq, 


where we set 

g{t) = (/ 1 - / 2 ) - vLn^v 1 - v 2 ) - Qa ,(B{w 1 + v 1 ) - B(w 2 + u 2 )). 

Repeating literally the argument used in Step 2 of the proof of Proposition 1.10 
in TOfil . we show that if N is sufficiently large, then 

IMUt < Ci (II/ 1 - / 2 \\l 2 (Jt,h) + ll^ 1 - v 2 \\ L 2 (Jt:U) + ||^ - w 2 q \\ v ) + |||w|Ut. 

( 1 . 8 ) 

where C\ > 0 is a constant depending only T , R, and u. Inequality in implies 
the required result. □ 


2 Main results 

2.1 Exact controllability in observed projections 

Consider the controlled Navier-Stokes (NS) equations 

u + vLu + B(u) = h(t) + (2-1) 

u(0) = no, (2.2) 

where h G Tf oc (K.+ , H) and uq G V are given functions and rj is a control function 
with range in a finite-dimensional vector space E C U. For any h G L 2 (Jt, H), 
uq G V, and T > 0, we denote by Qr{h, uq) the set of functions ry G L 2 (Jt , H) 
for which problem dm H2.2II has a unique solution u G Xt- It follows from 
Proposition o with E = {0} and v = 0 that 0r(h, mo) is an open subset 
of L 2 (J t ,H). 

Let us fix a constant T > 0, a finite-dimensional space F C H, and a 
projection : H —> H onto F. 

Definition 2.1. Equation ED with ry G L 2 (Jt , E) is said to be P p -controllable 
in time T if for any uq G V and u G F there is rj G Qt( h, uq) 0 L 2 (Jt, E) such 
that 

P fU (T) = u, (2.3) 

where u G Xt denotes the solution of ED , ED - 

To formulate the main result of this paper, we introduce some notation. For 
any finite-dimensional subspace E C U, we denote by F{E) the largest vector 
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space G C U such that any element rji G G is representable in the form 


k 


Vi 


where 77, C 1 ,..., (j k € IS are some vectors and oq ,,a k are non-negative con¬ 
stants. Since B is a quadratic operator, we see that F{E) C U is a well-defined 
finite-dimensional subspace containing E. For a finite-dimensional subspace 
E C U, we set 



E 0 = E, E k = T[E k - 1 ) for k > 1, 


(2.4) 


The following theorem is the main result of this paper. 

Theorem 2.2. Let h £ Lj 2 oc (R+, H) and let E C U be a finite-dimensional sub¬ 
space such that E x is dense in H. Then for any T > 0, any finite-dimensional 
subspace F C H, and any projection P p : H H onto F the Navier-Stokes 
system <ED with 77 £ L 2 (Jt,E) is P f- controllable in time T. Moreover, the 
control function 77 can be chosen from the space C°°(Jt , E). 

In the case of a general bounded domain, it is difficult to check whether E a0 
is dense in Ft. However, Theorem m 1 remains valid for the NS equation <ED 
on a 3D torus, and it is shown in IShiOfil Section 2.3] that 3 if E D Hm for a 
sufficiently large N > 1, then E x contains all the eigenfunctions of L. Thus, 
we obtain the following result. 

Corollary 2.3. Let T 3 be a torus in R 3 . Then there is an integer N > 1 such 
that if the control space E contains Hn, then for any constants v > 0 and T > 0, 
any function h £ ,H), any finite-dimensional subspace F C H, and 

any projection P p •. H H onto F the Navier-Stokes system ED on T 3 
with rj £ L 2 (Jt,E) is P p-controllable in time T, and the control function 77 can 
be chosen from the space C°°(Jt,E). 

The proof of Theorem ED is based on a property of uniform approximate 
controllability for ED- That concept is of independent interest and is discussed 
in the next subsection. 

2.2 Uniform approximate controllability 

Let us fix any T > 0 and h £ L 2 (Jt,H) and denote by TZ(uo,rj) an operator 
that is defined on the set 


D{K) = {(770,77) £ V x L 2 (J t ,H ) : 77 £ 0 T (Mo)} 


3 Recall that Hjy denotes the vector space spanned by the first N eigenfunctions of the 
Stokes operator L. 





and takes each pair ( uo,r] ) £ D(1Z) to the solution u £ Xt of problem 12 . 11 ) . 
itOi . Proposition loi with E = {0} and v = 0 implies that D(JV) is an open 
subset of V x L 2 (Jt, H), and 1Z is locally Lipscliitz continuous on D(JZ). For 
any t G Jt, we denote by lZt(uo, rj) the restriction of TZ(uq, if) to the time t. 

Let X C L 2 (Jt, H) be an arbitrary vector space, not necessarily closed. We 
endow X with the norm of L 2 (Jt, H). 

Definition 2.4. Equation ED with r/ £ X is said to be uniformly approx¬ 
imately controllable in time T if for any initial point uq £ V, any compact 
set K, C V, and any e > 0 there is a continuous function 

T : /C —> X D uq) 


such that 

\\1Zt(uo, &(u)) — u\\v < £ for any u G /C. (2.5) 

The following result shows that, under the conditions of Theorem l2.2l Eq. 12.111 
is uniformly approximately controllable (UAC). 

Theorem 2.5. Let h £ L 1 2 oc (R + , H) and let E C U be a finite-dimensional 
subspace such that E 00 is dense in H. Then for any T > 0 and v > 0 the 
Navier-Stokes system ED with p £ C°°(Jt , E ) is UAC in time T. 

Theorem 12 . 51 will be established in Section |D Here we show that the exact 
controllability in a projection is a simple consequence of UAC; in the next 
subsection, we deduce some corollaries from Theorems ED and l2~5l 

Proof of Theorem i2. 21 Let us fix a time T > 0, an initial point uo £ V, and 
a projection : H —» H onto a finite-dimensional subspace F C H. Recall 
that Bp{R) stands for the closed ball in F of radius R centred at origin and 
denote by C the norm of P p '■ H —> H. Let us fix any R > C and choose 6 > 0 
so small that 

sup \\e~ 5L u — u|| < ( 2 . 6 ) 

u£Bf(R) 

Denote by /C the image of Bp(R) under e~ SL . This is a compact subset of V, 
and by Theorem 12.51 there is a continuous mapping 4 

T : K, —■> C°° {Jti E) D @y(/i, uq) 


such that 

sup \\TZt(u 0 ,^(v)) - v\\ v < (2.7) 

veK 

It follows <G3 and ED that 

sup \\1Zt(uo, F{e~ SL u)) — u|| < 1 . 
uGBp(R) 

4 Recall that the control space , i£)n©r(/i, uo) is endowed with the metric generated 

by the norm in L 2 (Jt, H). 
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Therefore the continuous mapping 

F : B f (R) —> F, u i—*• P f 'R,j'(uq, F(e ^ L u)), 

satisfies inequality 11 .Ill with e = C. Hence, by Proposition 11.11 we have 
F(B f (R)) D B f (R — C). In particular, it follows that for any u £ B F {R — C) 
there is r) £ C°°(Jt,E ) D Qr(h,uo) such that P f TZt(uo,ti) = u. Since R> C 
is arbitrary, we obtain the conclusion of Theorem m\ □ 

2.3 Solid controllability and Cauchy problem for the NS 
system 

In this subsection, we establish some corollaries of Theorems ru and 12.51 Let 
E C U and F C H be finite-dimensional subspaces, let Pj? : H —*► H be a 
projection onto F, and let T > 0 be a constant. 

Definition 2.6. The control system E3J with r] £ L 2 (Jt,E) is said to be 
solidly P F -controllable in time T if for any R > 0 and uq £ V there is a 
constant £ > 0 and a compact set C C L 2 (Jt , E) fl &t( h, ito) such that, for any 
continuous mapping S : C —> F satisfying the inequality 

sup 11 , 9 ( 77 ) - PfRt(uo, v)\\f < e, ( 2 . 8 ) 

ri&C 

we have S(C) D B F (R). 

Proposition 2.7. Under the conditions of Theorem, 1 2. ‘A for any T > 0, any 
finite-dimensional subspace F C H, and any projection : H —> H onto F, 
Eq. 12.111 with rj £ L 2 (Jt,E) is solidly P F -controllable in time T > 0. 

Proof. Let us fix any constant R > 0, function u 0 £ V, and subspace F C H. 
As was shown in the proof of Theorem l 2. 21 (see Section lT^ll . there is a continuous 
mapping F : B F (R + 2) —* L 2 (Jt, E) fl Qr(h, no) such that 

sup \\P f Rt{u 0 ,F(u)) - u\\ <1. (2.9) 

u(zBf (. R +2) 

Let us set C = F(B f (R. + 2)). Since dimF < 00 and F is continuous, we 
conclude that C is a compact subset of L 2 (J F ,E) fl Qr{h, uq). Let S : C —> F 
be an arbitrary continuous mapping such that iTTSl) holds with e = 1. Then 
it follows from (EH) that the mapping S oF : B F (R + 1) —> F satisfies the 
inequality 

sup US' o F(u) — u\\v < 2. 
u£Bf{R-\-2) 

Applying Proposition ll.il we see that S o F(B f (R + 2)) D B F (R). It follows 
that S(C) D B f (R). Since R > 0 was arbitrary, this completes the proof of 
Proposition FT71 □ 

We now show that the control function 77 in Theorem 12.21 can be taken from 
a finite-dimensional subspace. Namely, we have the following result. 
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Proposition 2.8. Suppose that the conditions of Theorem, \2.I\ are fulfilled, and 
let X he a vector space dense in L 2 (Jt,E). Then for any positive constants T 
and R, any initial function uq G V, any subspace F C H with dimF < oo, and 
any projection P F : H —> H onto F, there is a ball B in a finite-dimensional 
subspace Y C X such that 


P f Kt(u 0 ,B)d B f {R). (2.10) 

In particular, we can take X = E). 

Proof. By Proposition ^. 71 Eq. 112.111 with p G L 2 (J F , E) is solidly -controllable 
in time T. Let e > 0 and C C L 2 (Jt , E) n Qr(h, uq) be the corresponding con¬ 
stant and compact set entering Definition 12 .(il It follows from Proposition o 
with E = {0} and v = 0 that 0 F (h, u o) is an open subset of L 2 { J F , E). There¬ 
fore there is S > 0 such that 

O s (C ) = {p £ L 2 (J t ,E) : dist (p,C) < 5} C 0 T (/i,«o), 

where we set 

dist( 77 , C) = inf ||?7 - C \\l 2 (j t ,h)- 

Furthermore, since X is dense in L 2 (J F , E), we can find a finite-dimensional 
subspace Y c X such that 

sup \\P Y p - p\\l 2 (j t ,e) < 5, (2.11) 

vec 

where Py denotes the orthogonal projection in L 2 (Jt,E) onto Y. It follows 
that 

PyC C Os(C ) C e T (h, u 0 ). (2.12) 

By Proposition 11.21 the operator TZ(uo, •) : 0t(^,wo) —> Xt is locally Lipschitz 
continuous. Therefore, taking <5 > 0 sufficiently small, we deduce from ll 2 ~TTt 
and (I 2 T 21 ) that 

£ 

sup \\R t (u 0 ,Pyp) - TI t {u q ,p)\\ v < —, 
v&c D 

where C is the norm of P F regarded as an operator from V to H. Thus, the 
mapping S(p) = P f IZt{uq, Pyp) satisfies (12.81) . Hence, by Proposition rm we 
have P F 1Zt(uq, PyC) D B F {R). It remains to note that PyC is contained in a 
ball of the finite-dimensional space Y C X. □ 

We now consider the Cauchy problem for the NS equation 11 . 211 . Let G C H 
be a closed vector space. For any uq G V, T > 0, and v > 0, let Et,v{G,uo) be 
the set of functions / G L 2 (Jt,G) for which problem 11.21) . 12.21) has a unique 
solution u G Xt- If E C G is a closed subspace, then we denote by G 0 E the 
orthogonal complement of E in G and by Q(T , G, E) the orthogonal projection 
in L 2 (Jt , G) onto the subspace L 2 { J F , G 0 E). 
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Proposition 2.9. Let E C U be a finite-dimensional subspace such that E <*, is 
dense in H and let G C H be a closed subspace containing E. Then S t,v{G, uo) 
is a non-empty open subset of L 2 (Jt,G) such that 

Q(T, G, E)3t, v (G, uo) = L 2 (J t , G 0 E) for any T > 0, v > 0, u 0 G V. 

Proof. The fact that 2 t>(G,uo) is open follows immediately from Proposi¬ 
tion o The other claims of the proposition are equivalent to the follow¬ 
ing property: for any h G L 2 (Jt,G © E) there is 77 G L 2 (Jt,E) such that 
h + r) G S Tj „(G, uo). This is a straightforward consequence of Theorem 12.21 □ 

3 Proof of Theorem 12.51 

3.1 Scheme of the proof 

Let E be a finite-dimensional vector space and let E\ = E(E) (see 12.41) 1. Along 
with Eq. ED, consider two other control systems: 

u + vL(u + C(i)) + B(u + C (t)) = h(t) + rj(t), (3.1) 

u + vLu + B(u) = h(t) + r]i(t). (3-2) 

Here p and £ are El-valued controls and 771 is an E^-valued control. Let us 
fix a constant e > 0, an initial point Uq G V, a compact set K. C V, and a 
vector space X C L 2 {J,H). Equation 12.111 with 77 G X is said to be uniformly 
(e, Uo, 1C)-controllable if there is a continuous mapping 

T : 1C —> X n ©^(/i, uo) 

such that E3 holds. In what follows, if e, u 0 , and K. are fixed in advance, then 
the above property will be called uniform e-controllability. 

The concept of uniform e-controllability for JO is defined in a similar way. 
Namely, let 0 t(/i, uo) be the set of pairs ( 77 , £) G L 2 (Jt,H) x L a (Jt,H 2 ) for 
which problem ED , ED has a unique solution u G Xt and let 7 Z be an 
operator that is defined on the set 

D(K) = {(u 0 ,77,C) € V x L 2 (J t , H) x L 4 (J T ,H 2 ) : ( 77,0 G ©t^o)} 

and takes each triple (uo,r]X) e B(1t) to the solution u G Xt of ED , ED - 
Rewriting Eq. ED in the form 

u + vLu + B(u ) + B(u, C) + B(C, w) = h(t) + 77 — vL(f — B(() 

and applying Proposition ED with E = {0}, we see that D( 1Z) is an open 
subset of V x L 2 (Jt , H) x L 4 (Jt, H 2 ), and the operator 1Z is locally Lipschitz 
continuous on D(1Z). 


12 



Now let X C L 2 { J, H) x L 4 ( J, i? 2 ) be a vector space, not necessarily closed. 
Equation El with (77, £) £ X is said to be uniformly (e,Mo, /C) -controllable if 
there is a continuous mapping 

T 1C —> X n ®t{H, mo) 

such that 

\\1Zt{uo, 'Z'(m)) — u\\v < e for any m £/C, (3.3) 

where 1Zt(uo,r),Q denotes the restriction of TZ(uo,rj,Q to the time t. 

The proof of Theorem 12.51 is based on the following three propositions (cf. 
Propositions 3.1 and 3.2 and Section 2.2 in |Shi06l l. Let us fix a constant e > 0, 
an initial point no £ V, and a compact subset 1C C V. 

Proposition 3.1. (extension principle) Let E C U be a finite-dimensional 
vector space. Then Eq. ED with 77 £ C°°{Jt,E ) is uniformly e-controllable if 
and only if so is Eq. (13.11) with (77, () £ C°°(Jt , E x E). 

Proposition 3.2. (convexification principle) Let E C U be a finite-dimen¬ 
sional subspace and let E\ = J-{E). Then Eq. (13.111 with (77, £) £ C°° (Jr, E x E) 
is uniformly e- controllable if and only if so is Eq. 13.211 with 771 £ C°°(Jt,E\). 

Proposition 3.3. Let E C U be a finite-dimensional vector space such that Eoo 
is dense in H. Then there is an integer k > 1 depending on e, uq, and 1C such 
that Eq. ED with 77 £ Ek) is uniformly e- controllable. 

If Propositions ^. II 13.31 are established, then for any e > 0, no £ V, and K. C 
V we first use Proposition El] to find an integer k > 1 such that Eq. ED with 
77 £ C' 00 (JT,£’fe) is uniformly (e, uo, /C)-controllable. Combining this property 
with Propositions ED and ED in which E = Ek- 1 , we conclude that Eq. ED 
with 77 £ C°°{Jt, Ek-i) is uniformly (e, uq, /C)-controllable. Repeating this 
argument k — 1 times, we see that the same property is true for Eq. ED with 
77 £ C°°(Jt,E). Since e, uq, and 1C are arbitrary, this completes the proof of 
Theorem 12.51 

To prove the above propositions, we repeat the scheme used in mm (see 
Sections 2.2, 3.2, and 3.3). The important point now is that we have to fol¬ 
low carefully the dependence of controls on the final state u. The proofs of 
Propositions ^. II 13.31 are carried out in next three subsections. Here we formu¬ 
late a lemma on uniform e-controllability; it will be used in Sections ED ED 
As before, we fix a constant e > 0 , an initial point uq £ V, and a compact 
set 1C C V. 

Lemma 3.4. Let X,Y C L 2 (Jt,H) be vector spaces such that X is contained 
in the closure of Y and Eq. ED with 77 £ X is uniformly e-controllable. Then 
there is a finite-dimensional subspace Yq C Y such that Eq. ED with 77 £ Yq is 
uniformly e- controllable. 

To prove this lemma, it suffices to repeat the argument used in the proof 
of Proposition ED we shall not dwell on it. Also note that an analogue of 
Lemma ED is true for Eq. ED- 
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3.2 Extension principle: proof of Proposition [3TT] 

We need to show that if Eq. 1 If. Ill with ( 77 , £) G C°°(Jt,E x E) is uniformly 
e-controllable, then so is Eq. (12.11) with 77 G C'°°(Jt,£ ; ). Since C°°(Jt,E) is 
dense in L 2 (J E , E), in view of Lemma Till it suffices to establish that property 
for Eq. 12.111 with 77 G L 2 ( J E , E). 

Recall that P and Q stand for the orthogonal projection in H onto the 
subspaces E and E 2 -, respectively. Let 

$ : IC -> C°°(J t ,E x E) n O T (h,u 0 ), ${u) = (r](t,u),((t,u)), 

be an operator for which (TOli holds. We choose any sequence of functions 
<p k G (7°°(M) with the following properties: 

0 < ipk{t) < 1 for all f GR, (3.4) 

<Pk{t) = 0 for t < 0 and t>T, (3.5) 

<Pk(t) = 1 for i < t < T - i. (3.6) 

We now define a sequence of continuous mappings E k : K, —> L 2 ( J T , E) by the 
following rule: 

• for any u G 1C and k > 1, set 

Vk{t,u) = ipk(t)£(t,u) + t G Jt; (3.7) 


• denote by Wk{-,u) G Xt{E) the solution of the problem 5 

w + vL e w + Q(B(w) + B(v k ,w ) + B(w,v k )) = fk(t,u ), 

w(Q) = Qu 0 , 

where v k = v k (t,u) and 

f k {t,u) = Q(h(t) - B{v k {t,u )) - vLv k {t,u )); (3.9) 


• denote u k {t, u) = w k (t, u) + w k {t , u) and define \P k by the formula 

E k {u) = Vk(t, u) := v k + P{vLu k + B(u k ) - h). (3.10) 


We claim that for sufficiently large k > 1 the function ty k is well defined and 
continuous and satisfies (1^51) . Indeed, let us write 

v(t,u) = PTZ t (u 0 ,$(u)), w(t,u ) = Qiit(uo,E(u)). 

Then w(-,u) G Xt{E) is a solution of the problem 


w + vL e w + Q(B(w) + B(v, w) + B(w, v)) = f(t, u), 

w{ 0) = Qu 0 , 


(3.11) 


5 We shall show that such a solution exists for k 3> 1. 
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where v = v(t,u) and f(t,u ) = Q (h(t) — B(v(t,u)) — vLv{t,uj). We wish to 
consider cm as a perturbation of (TTnl) . 

Since K, is compact and TZ(uq, &(■)) : K —> ftr is continuous, we have 

sup(||u(-,u)|U T + ||w(-,m)IUt) < oo- (3.12) 

uG/C 

It follows from (ET1 . and (TTTTi that 

sup \\vk(-,u) - «(-, u )|| l 4( i 7 ti j 7 ) ->• 0 as k -> oo. (3.13) 

nG/C 

Combining this with standard estimates for the nonlinear term and the fact that 
dimlH < oo, we conclude that (cf. (3.8) in tShi06j l 

sup ||/fc(-,u) - f(-,u)\\L*(j T ,H) ->■ 0 as k —>• oo. (3.14) 

uG/C 

Proposition ll.2l and relations 13.1211 13.1411 imply that there is an integer k 0 > 1 

such that, for any k > k 0 and u G 1C, problem <TT%ll has a unique solution 
Wk{-,u ) G Xt{E). Moreover, the function u i—» Wk(-,u ) is continuous from 1C 
to Xt{E). It follows from 13.1 HI) that the operator \P k is well defined and con¬ 
tinuous for k > ko. 

Let us show that E k satisfies E3 for k 1. Since the resolving operator 
associated with 13.1 1 1 is locally Lipschitz continuous (see Proposition I I .21) . for 
any u £ 1C and k > fco, we have 

\\w k (-, u)-w(-, u)\\x T < C(\\fk{-, u)-f (•, u)\\ L 2(J T ,H) + \\ v k{-, u)-v(-, u)\\l*(J t ,V)), 

where C > 0 does not depend on k and u. Combining this inequality with ll3~T3ll 
and ram we derive 

sup ||wfe(-, u) — w(-, 11)11 x T 0 as k —> oo. (3.15) 

uG/C 

Now note that, in view of 13.511 and ED, we have 

\\1Zt{uo, Ek(u)) — u||y < \\1Zt(uo, P k (u)) — 1Zt(uo, $fc(w))||y 

+ \\iZT{u 0 ,$k(u)) - u\\v 
< ||lt7fc(-, u) - Wl(-,u)||y + WRT{uo,$k(u)) - u\\v- 

Taking the supremum over u G 1C and using ifOll and 13.151) . we see that P k 
satisfies 12.51) for sufficiently large k > ko- The proof of Proposition 13.11 is 
complete. 

3.3 Convexification principle: proof of Proposition 13721 

We need to prove that if Eq. itOi with ? 7 i G C°°(Jt, Ei) is uniformly e-con- 
trollable, then so is Eq. ED with (r], C) £ L 2 {Jt,E) x L 4 (Jt,E)-, the converse 
assertion is obvious in view of Proposition 13.11 Let us outline the main idea. 
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Let : /C —> L 2 (Jt,Ei) be a continuous mapping such that 

£ := sup \\1Zt(uo, 'Ei (u)) - u\\v < £• (3.16) 

uG/C 

By definition, the function u\(t,u) = lZ t {uo,'Ei(u)) satisfies Eq. (13.211 in which 
Vi = Vii'i u) : = ^i(u)- We wish to approximate u\{t, u) by a solution u(t, u) of 
Eq. (13.111 with some functions rj(-, u), ((■, u) G L°°(Jt,E). This approximation 
should be such that 


sup \\u(T,u)) — ui(T,u)\\v < £ — £, (3-17) 

uG/C 

and the mapping u h->• is continuous as an operator from K. to 

the space L 2 (Jt,E) x L 4 (Jt,E). 

To construct u(t, u), one could try to apply the argument used in Section 3.3 
of IShiOfil for approximating individual solutions. Unfortunately, it does not 
work because it is difficult to ensure that the resulting control functions rj 
and £ continuously depend on u. To overcome this difficulty, we first approxi¬ 
mate rj i (t, u) by a family of piecewise constant controls rji (t, u) with range in the 
convex envelope of a finite set not depending on u (cf. Section 12.3 in IAS05I 1. 
We next repeat the scheme of )Shi06l to construct an approximation for solu¬ 
tions Ui(t, u) corresponding to fj\(t, u). A difficult point of the proof is to follow 
the dependence of the control functions on u. In what follows, we shall omit 
the tilde from the notation. 

The realisaion of the above scheme is divided into several steps. We begin 
with a generalisation of the concept of uniform approximate controllability. 

Step 1. Let A = { 77 ^,Z = 1 ,...,m} C E\ be a finite set. For any inte¬ 
ger s > 1, denote by P s (Jt,A) the set of functions 771 G L 2 (Jt,Ei) satisfying 
the following properties: 

• there are non-negative functions ipi G L°°{ Jt), / = 1..., to, such that 

m m 

= m(t) ='^2'Pi( t Wi for 0 < t < T; 

1=1 1=1 

• the functions ipi are representable in the form 

s —1 

wW = s (t) for 0 < t < T, 

r =0 

where cj r > 0 are some constants and I r ^ s denotes the indicator function 
of the interval Jt{t,s) = [t r ,tr+i) with t r = rT/s. 

The set P s (Jt, A) is endowed with the metric 

m 

dp(v 1, Ci) = 51 llw V1X1 e P s {Jt,A), 

1=1 
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where {<pi} and {ipi} are the families of functions corresponding to 771 and £ 1 , 
respectively. 

Recall that we have fixed a constant e > 0, an initial point u 0 £ V, and 
a compact set K, C V. We shall say that Eq. (TOli with 771 £ P s (Jt,A) is 
uniformly e- controllable if there is a continuous 6 * * mapping tfq : K. —> P s (Jt,A) 
such that \P(u) £ 0t(/i,w o ) for any u £ 1C, and (Id. Kill holds. A proof of the 
following lemma is based on a standard argument of the control theory and is 
given in the Appendix. 

Lemma 3.5. Let us assume that Eq. itOi with r/ £ C°°(Jt, Ei) is uniformly 
e-controllable. Then there is a finite set A = {77 \,l = 1,... ,m} C Ei and an 
integer s > 1 such that Eq. (TOll with 77 £ P s (Jt,A ) is uniformly e-controllable. 

Let if'i : /C —> P s {Jt, A) be the function constructed in Lemma Er^! We write 

m 

'Ei (u) = Vi (t, u) = ^2 Vi (t, u) 7?i. - 
1=1 

The definition of the space P s (Jt-,A) and of its metric imply that the func¬ 
tions ip 1 have the form 


s —1 

u) = ^2 Clr(u)I rjS (t), (3.18) 

r =0 

where c; r : K. —> K are non-negative continuous functions such that 

m 

ci r (u) = 1 for any u £ 1C. 

1 =1 

Since ij[ £ P(E), by Lemma 3.3 in tShi06l . there are vectors rj l , ( ll ,..., ( kl £ E 
and non-negative constants Xu,..., Xki such that JA Xji = 1 and 

k 

B(u) - rfi = Xji (B( Ul + C l ) + vLC, jl ) - 7 i for u £ V. 

i=i 

It follows that the function ui(-) = 1 Z(uo,Ei(u)) is a solution of the equation 

k m 

dtUi + vLu\ + EE XjHPi(t,u)(B(ui +C jl ) +vLC,° l ) 

3=11 =1 

k m 

= hit) + EE Xjupiit, u)rf. (3.19) 
3= 11=1 

6 We emphasise that, in contrast to Definition 12.4i in which the vector space X is endowed 

with the norm of L 2 (Jt, H ), the mapping is required to be continuous with respect to the 

topology of P s (Jt, A), which is stronger than that of L 2 (JT, H). 
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Indexing the pairs (j, l) by a single sequence i = 1,..., q, we can write lid. 1911 as 


dtUi + vL fui + E 'ijji (f, w)() ^ 9“ ^ ( 'Ipi (t, 'll') B (ll\ T C, ) 

V 1 — 1 ' 1 — 1 


h(t) +r/(t,u). (3.20) 


Here ( 1 £ E , i = l,...,g, are some vectors, denotes the sum on the 

right-hand side of iTHil . and 


s —1 

u) = ^2 d ir{u)I r ,s(t), (3.21) 

r =0 

where di r £ C(IC) are non-negative functions such that di r = 1. 

S'tep £ We now approximate ui(t, •) by solutions of Eq. (13.111 . To this end, 
we first assume that there is only one interval of constancy, that is, s = 1. In 
this case, the sums in (EH%li and iron contain only one term, and Eq. rout 
takes the form 

q \ q 

u i + E ) + E + C) = h{t) + r](t, u), (3.22) 

2=1 ' 2=1 

where di £ C{1C) and r\ £ C(IC, L 2 (Jt, E)). Let us fix an integer k > 1 and, 
following a classical idea in the control theory, define a sequence of continuous 
mappings ( k ■ 1C —> L 4 (Jr, H 2 ) as 

C fe (t,u) = ((kt/T,u), (3.23) 

where ^(-,it) is a 1-periodic function on M such that 

C {s,u) = C for 0 < s - (di(u) - di-i(u)) < di(u), i = 1,... ,q. (3.24) 

It is easy to see that {Cfe(-, m), u £ /C, k > 1} is a bounded subset in L°°( Jt, E). 
Let us rewrite ron in the form 

dtux +vL(m + ( k (t,u)) + B(u\ +(, k (t,u)) = h(t) + r)(t, u) + f k (t,u), (3.25) 
where f k (t, u) = f k i(t, u) + f k2 {t , u), 

fki(t,u) = vlj(c, k (t,u) -^2di(u)C Y (3.26) 

' 2=1 ' 
i 

fk 2 (t,u) = B(ui(t,u) +c k(t,u)) - ^di(u)B(ui(t,u ) +T)- (3.27) 

i -1 

We shall need the following result, which will be proved in the next steps. Denote 
by By(u,r) the closed ball in V of radius r centred at u. 


dtU\ + vL 
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Lemma 3.6. For any Eg > 0 there is an integer ko > 1 and a constant So > 0 
such that for any k > kg, u £ 1C, and vg £ By(uo, So), the problem 

d t v + uL(v + Ck(t,u))+B(v + Ck(t,u)) = h(t)+ri(t,u), v(0) = v 0 (3.28) 

has a unique solution v k (-,u) £ Xt, which satisfies the inequality 

IK(-,&) -ui(-,w)|| C (j r ,v) < £o- (3-29) 

In particular, taking e o = £, where e is the constant in m , and defining 
the operator 

L 2 (J t , E ) x L 4 ( J t , E), u ^ (%(-, u), &(■, u)), 
we conclude that E k {u) £ Qr(h,v o) for vg £ By(ug,s ) and k > kg, and 
sup || H T {uo,& k {u)) -ui{T,u)\\v < £ for k > k 0 . 

tiG/C 

Combining this with cm we obtain 

sup \\1Zt(uo, &k(u)) - u||y < £ for k > k 0 . 

u£JC 

Hence, Eq. O with ( 77 , Cf) £ L 2 (Jt , E) x L 4 (Jt, E) is uniformly e-controllable. 

Step 3. We now prove Lemma ESI Literal repetition of the arguments 
in |Shi06l Section 3.3] (see Step 2) shows that the required assertion will be 
established if we prove the convergence 

sup(\\K v f k (-,u)\\ C (j T ,v) + \\B(K v f k (-,u))\\ L 2( jTtH) ) -4O as k -4 00, ( 3 . 30 ) 

uG/C 

where 

K v f(t ) = [ e -^-^ L f(s)ds. 

Jo 

Furthermore, in view of the calculations of Steps 3-4 in lShi06l Section 3.3], it 
suffices to show that 

sup \\F k (-,u)\\ C (j T ,H) -> 0 as k —> 00 , (3.31) 

uG/C 

where F k (t,u ) = f k (s, u) ds. To this end, we first note that 7 

\\F k (-, u)\\c(j t ,h) —* 0 as k —> 00 for any u £ 1C. (3.32) 

Suppose now that we have proved the uniform equicontinuity of the family of 
mappings 

f k :K-+L 1 {J T ,H), fin-/*(.,£). (3.33) 

7 See Step 5 in IShi06l Section 3.3]. 
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In this case, the family i—> f Q fk(s,u) ds, k > 1} is uniformly equicontinuous 
from K, to C(Jt, V). Combining this property with 13.32t . we arrive at DJ. 

Step 4- We now show that (TP3l) is uniformly equicontinuous. The explicit 
formulas (ES|) and Jim and standard estimates for the bilinear form B show 
that it suffices to prove that the function u i—> £is uniformly equicontinu¬ 
ous from 1C to L 4 (J T , U). It follows from 13.2311 and 13.241) that 

IICfe(-,Wi) - Cfe( , ,W2)||t4 ( j Tl £/ ) = [ Kikt/T,^) - C(kt/T,u 2 )\\udt 

Jo 

= T f ||C(s,«i) - C(s,u 2 )\\uds 
Jo 

Q 

<C^2 - di(u 2 )\, 

i= 1 

where ii\,U 2 € 1C are arbitrary points and C > 0 is a constant depending only 
on T, q, and max,, ||^"* ||c/. Since the functions di are uniformly continuous on 
the compact set 1C, we obtain the required result. This completes the proof of 
Proposition 13.21 in the case s = 1. 

Step 5. We now consider the case of any s > 2. Let us set I r = [t r , t r +i] and 
X r = C(I r , V)CiL 2 (I r , U ). For any r = 0,..., s — 1, we denote by Q r (h, uq) the 
set of functions ( 77 , £) £ L 2 {I r , H) x L 4 (I r , H 2 ) for which Eq. 13.11 has a unique 
solution u £ X r satisfying the initial condition 


u{t r ) = Uq. 


(3.34) 


Introduce the set 

V r = {{uo,V,0 CVx L\l r ,H ) x L\l r ,H 2 ) : (77,0 G Q r (h,u 0 )} 

and define an operator S r : V r —> V that takes each triple ( 7 / 0 , 77 , £) G V r 
to u(t r+ 1 ), where u £ X r is the solution of 13.11 . 13.341 . It follows from Propo¬ 
sition o that the operator S r is locally Lipschitz continuous. 

We now define positive constants (3 r , r = 0,..., s, and continuous operators 
l? rT ’ : /C —> L 2 (I r , E ) x L 4 (I r , E ), r = 0,..., s — 1, by the following rule: 

• set P s = i, where e is the constant in irrm 

• if Pr+i is constructed for some r < s — 1, then apply Lemma 13.(il with 
£0 = Pr+i to the interval I r and denote by 5 0 and ko the corresponding 
parameters; 

• set P r = do and E r = (Ffc 0 . 

The construction implies that, for any vq £ Bv(ui(t r ), P r ), r = 0,..., s — 1, and 
u £ 1C, we have 

* r (u) £& r (h,v 0 ), \\S r (v 0 ,& r (u))-u 1 {t r+1 ,u)\\ v <p r+1 . (3.35) 
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Let us define an operator tp : /C —► L 2 (Jt,E) x L 4 (Jt,E) as 

E(u)(t) = !f rr ’('u)(t) for t £ I r , r = 0,. .., s — 1. 

It follows from (TT351) that 

^(u) £ <dr(h, uo), \\TZt(uo,E(u)) — ui(T,ii)\\v </3 S = i for u £ 1C. 

Comparing this with 633 , we obtain 12.511 . It remains to note that since the 
functions 'E r are continuous, so is \P. This completes the proof of Proposition l3.2| 

3.4 Proof of Proposition 13731 

Step 1. We first show that if the integer N > 1 is sufficiently large, then Eq. <EU 
with 77 £ L 2 (Jt, Hgf) is uniformly e-controllable. To this end, we fix a (small) 
constant S > 0 and define a family of functions 

ujv(t, u) = T pj{te~ 5L u + (T — t)e~ tL ug), 0 <t<T. (3.36) 

It is easy to see that 

Ks := sup ||rjv( - ,u)||;c T < oo for any 6 > 0, (3.37) 

u,N 

eg := sup ||iyv(T, u) — PatuIIv" —>> 0 as <5 —> 0, (3.38) 

u,N 

where the supremums are taken over N > 1 and u £ 1C. We now choose a 
constant 5 > 0 so small that 

eg < -. (3.39) 

Consider the Cauchy problem 

w + QnL(w + vn) + QnB(w + vn) = C>Nh(t), w(0) = Qnu 0 . (3.40) 

Proposition 11.31 and inequality imply that there is an integer Ay > 1 not 

depending on u £ 1C such that for any N > Ng problem has a unique 

solution wn(',u) £ Xt{Nh). It follows that the function ujv(t, u) = Vn + wn 
belongs to Xt for any N > Ng and satisfies Eq. ED with 

V(t) = rj N (t, u) := v N + P n (Lu n + B(u N ) - h). (3.41) 

The required assertion will be established if we prove the following two claims: 

(a) For any N > Ng , the function E : u i—> r]j\r(-,u) is continuous from 1C 
to L 2 (J t ,H). 

(b) We have 

sup \\wn(T, u)||y —> 0 as N —> oo. (3.42) 

uG/C 
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Indeed, the very construction of W implies that 


'P(u) £Q T (h,u 0 ), Uiuo^iu)) = u N . 

Furthermore, it follows from G33, iron . and (Id. 4211 that if N > Ns is suffi¬ 
ciently large, then 

sup \\TZ t {u 0 ,^ n (u)) - u\W < cs + sup (II w N (T,u)\\v + ||Qjvu||y) 

uG/C uG/C 

< ^ + sup ||Qjvu||y. (3.43) 

o «e/C 

Since 1C C V is compact, the second term on the right-hand side of can 

be made smaller than | by choosing a sufficiently large N > Ns . 

Step 2. Let us prove (a) and (b). Since 5 > 0, it follows from (13.3611 that 
the function u i—> vn(-,u) is continuous from /C to Xt . By Proposition EH the 
solution wn £ Xt(Hn) of problem (13.4011 continuously depends on vn G Xt- 
The continuity of follows now from crm and coni . 

The proof of (b) literally repeats the argument used in IShiOfil (see the proof 
of (2.12)), and therefore we omit it. 

Step 3. We now show that if k > 1 is sufficiently large, then Eq. El with 
77 G C°° (Jt, Ek) is uniformly e-controllable. To this end, we use Lem ma id. 41 
Let us denote by Y C L 2 {Jt, H) the union of the vector spaces C'°°( Jt, Ek), 
k > 1. Since Eoo is dense in H, we conclude that L 2 (Jt, Hn) is contained in 
the closure of Y for any TV > 1. By Lemma Id.41 there is a finite-dimensional 
subspace Yq C Y such that Eq. ED with r] G Yq is uniformly e-controllable. 
Since {C°°{ Jt, E k )} k >i is an increasing sequence of subspaces, we see that 
To C C°°{JT,E k ) for a sufficiently large k > 1. This completes the proof of 
Proposition E3 

4 Appendix: proof of Lemma 13.51 

Let d be the dimension of Ei and let £ = {ei,..., e^} be a basis in E\. We 
endow E\ with a scalar product (•, •) for which £ is an orthonormal system. 
Let <Fi : K, —► C°°{Jt,E\) be a continuous operator satisfying (Id. Kill . In view 
of Lemma IQ (in which X = Y = C°°{Jt,E\)), we can assume without loss 
of generality that &\{u) G To for any u £ 1C, where Y 0 C C°°(Jt,Ei) is a 
finite-dimensional subspace. Let us set = <Fi(u) and write 

d 

Vi (t,u) = ^2(i{t,u)e h (4.1) 

l=i 

where Q(t,u) = ( rji(t,u),ei ). Since all the norms in the finite-dimensional 
space To are equivalent, what has been said implies that Q G C(Jt X /C) for 
l = 1,..., d. Let 

M = max \Q(t, u)|, 
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where the maximum is taken over l = 1,.. ,,d and (t,u) £ Jt x /C. We now 
set m = 2d, 

7j[ = dMei for l = 1,..., d, Vi = —dMei for l = d + 1,..., to. 

In this case, we can rewrite eu in the form 

m 

m (t,u) ='^2(i(t,u)r][, 

i=i 

where Q £ C(Jt x JC), l = 1 ,m, are non-negative functions whose sum is 
equal to 1 . 

For any integer s > 1, let us set 

m 

i=i 

where ipu{t, ii) = C,i{rT / s ; &) f° r ^ £ Jt{t, s). It is clear that (•) is a continuous 
function from K, to P s (Jt, A), where A = { 77 ^, 1 = 1,..., m}. Furthermore, since 
/C C V is compact, it is not difficult to show that 

sup ||3>f(fi) - <Pi{u)\\ L 2 (Jt H) ->0 as s —> 00 . 

ttG/C 

Proposition Ol now implies that Ff (ii) £ Qrih, uq) for any u £ 1C and suffi¬ 
ciently large s, and we have 

sup \\1Zt{u 0 , («)) - Kt(uo, <?i(u))||y —» 0 as s -7 00 . 

nG/C 

Combining this with m> , we conclude that Eq. with 771 £ P s (Jt,A) is 
uniformly e-controllable. 
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